
Why do we need mathematical models?

MATHEMATICAL MODELING FOR INFECTIOUS DISEASE PLANNING IN AFRICA

                             (30 minutes)
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Deaths
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Population size

Births

Deaths

Pop size (t+1) = Pop size (t) + births*Pop size(t) – deaths* Pop size (t)

        = Pop size (t) + (births – deaths)*Pop size(t)

 P(t+1) = P(t) + (births – deaths)*P(t)

DIFFERENCE EQUATION

dP/dt = (births – deaths)*P

ORDINARY DIFFERENTIAL EQUATION
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Headaches
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Self-portrait during cluster headache
Catherine Graffam 

Lady Agnew of Lochnaw
John Singer Sargent 1892-3

Healthy: no headache Headache

Rate at which healthy 
people get headaches

Rate of recovery from a 
headache
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Healthy: no headache Headache

Rate at which healthy people get 
headaches

Rate of recovery from a headache



Definitions
• Prevalence

• Proportion of cases at any specific time

• Incidence
• Number of new cases over some time period

• Steady state
• State in which numbers in compartments do not change



People with 
headaches

People with no 
headache

Rate of acquiring headaches 
(incidence of headaches)

Rate of recovering from headaches
(1/avg duration of headaches)



N - P

P

* (N-P)

d*P

N= population size

P = # of sick

 = per capita rate 

of getting a 

headache

d = recovery rate



N - P

P

* (N-P)

d*P

N= population size

P = # of sick

 = headache rate

d = recovery rate



Chronic diseases versus infectious diseases
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Four pinball machines
Wayne Thiebaud, 1962

Chronic diseases: Population outcome is the 
average of many individual outcomes 
considered in isolation.

Pool parlor
Jacob Lawrence, 1942

Infectious diseases: Individual outcomes 
depend on others. Individual risks require an 
understanding of the dynamics of the population. 



What compartments are needed in our model?

Time (units?)

Viral load

Antibodies

Susceptible Infected and Infectious Recovered
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Dengue epidemic in Pakistan 2011
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S I R

Probability of infectious contact

Interventions: how can we reduce transmission?

Probability of transmission given contact

Recovery rate



S I R

Probability of transmission given contact (b)

Recovery rate

Probability of infectious contact (k)

PREVALENCE=I/(S+I+R)
or incidence*duration 

INCIDENCE depends on b*k 



Definitions

• Force of infection (λ): the per capita rate at which susceptible individuals contract 
infection

  

Therefore, the rate of new infections in the population is λ*number of susceptible individuals

  

 

• Transmission coefficient (β): composite measure of probability of infectious contact (k) 
and transmission probability given contact (b)



Population at risk: how to think about the 
contact rate

26 For a nice explanation see: https://parasiteecology.wordpress.com/2013/10/17/density-dependent-vs-frequency-dependent-disease-transmission/



Population at risk: how to think about the 
contact rate

27 For a nice explanation see: https://parasiteecology.wordpress.com/2013/10/17/density-dependent-vs-frequency-dependent-disease-transmission/
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Density vs Frequency dependence

How do we formulate λ with respect to I? 

β=b*k

λ = βI/N, where N is the population size

λ = βI

FREQUENCY DEPENDENT

DENSITY DEPENDENT

Number of contacts (k) does not 
change with population size 

Number of contacts (k) scales 
with population size 



How would you write down difference equations to 
describe this process?

Difference equations are in the form:

Number of people at time t+1 = Number of people at time t… plus or minus how 
     many people entering that category in one time step



S I R

Move to continuous Ordinary Differential Equation (ODE) framework: 



S I R

Probability of infectious contact

Interventions: how can we reduce transmission?

Probability of transmission given contact

Recovery rate



S I R

vaccination



S I R

Duration of infectiousness

TREATMENT



What compartments are needed in our model?

Time (units?)

Viral load

Antibodies

Susceptible Infected and Infectious Recovered
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Dynamics of infection underlie model structure

Childs et al (2015) Epidemics



Time Lines for chickenpox

Dynamics of 

infectiousness

Dynamics of 

disease

Time of infection

latent  

period
infectious 

period

Noninfectious

(dead, recovered)

Incubation 

period

symptomatic 

period
Nondiseased

Most transmission occurs prior to symptoms



Time Lines for HIV

Dynamics of 

infectiousness

Dynamics of 

disease

Time of infection
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Endstage

weeks
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Most transmission occurs prior to symptoms



Time Lines for Pertussis

Dynamics of 

infectiousness

Dynamics of 

disease

Time of infection

latent  

period

infectious 

period

Incubation 

period

symptomatic 

period

18 days

8 days

Most transmission occurs after symptoms



How would you include a latent period?



Peak et al (2017) PNAS



Headaches: discrete and ode formulation
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Optional slides on supplemental code



R code: discrete population model



R code: discrete population model



R code: discrete population model
plot(population_matrix)



R code: discrete population model
Try births > deaths
and births < deaths

plot(population_matrix)



Headaches: discrete and ode formulation

SET U
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Do the calculation

Put it into the data matrix

Update the values
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